Abstract. In this note, we present a different sufficient condition than the conditional full support condition (CFS) introduced by Guasoni, Rásonyi, and Schachermayer [Ann. Appl. Probab., 18(2008), pp. 491-520] for the existence of consistent price systems (CPSs). We analyze the stability of our condition under composition with continuous functions. In particular, we use this condition to show the existence of CPSs for certain processes that fail to have the CFS property.
Introduction
In markets with propotional transaction costs, consistent price systems (henceforth CPSs) replace martingale measures as an equivalent condition for the absence of arbitrage; see Theorem 1.11 of [5] . A strictly positive adapted stochastic process (Y t ) t∈[0,T ] defined on a filtered probability space (Ω, F, F = (F t ) t∈[0,T ] , P ) admits ǫ-CPS for ǫ > 0 if there exists an equivalent measureP ∼ P and a (F,P ) martingaleỸ t such that
The origin of this concept of CPSs is due to [7] . See [8] for further details.
A general result on the existence of CPSs was obtained in [4] , where the conditional full support property of the asset process was shown to be sufficient for the existence of a CPS. Motivated by this result, recently, [2] , [3] , and [10] proved that certain processes have this property. In this paper, we give another condition which guarantees that the price process admits an ǫ-CPS for a given the no-arbitrage condition with respect to these trading strategies is stable under composition with certain continuous functions. In Section 5, we provide a comparison between Theorem 1 and the main results of [9] .
A sufficient condition for the existence of a CPS
Consider a continuous price process of the form Y t = e Xt , where (X t ) t∈[0,T ] is a real-valued continuous process adapted to the filtered probability space (Ω, F, F = (F t ) t∈[0,T ] , P ). We assume that F 0 is trivial.
In [4] , it was shown that if X satisfies the CFS condition:
where C x [t, T ] denotes the space of continuous real-valued functions on [t, T ] with f (t) = x and "supp" denotes the support (the smallest closed set of probability one), then Y admits ǫ−CPS for all ǫ > 0. In this section, we will introduce a different condition on X that gaurantees the existence of CPS for Y .
We start our analysis by recalling the definition of random walk with retirement that was studied in [4] . Consider a discrete-time filtered probability space (Ω, G, (G n ) n≥0 , P ) such that G 0 is trivial and ∨ n G n = G.
Definition 1.
A random walk with retirement is a process (X n ) n≥0 , adapted to (G n ) n≥0 , of the form:
where ǫ > 0, X 0 > 0, and the process R n is adapted and takes values in {−1, 0, 1} and satisfies
(ii) P (R n = j|G n−1 ) > 0 on R n−1 = 0, for all j ∈ {−1, 0, 1} and n ≥ 1, where we set
Lemma 2.6 of [4] shows that any random walk with retirement (X n ) n≥0 admits an equivalent measure Q ∼ P that makes it a uniformly integrable martingale. This fact will be used in our analysis below.
To state our first main result, we first need to introduce some notation. For any h ∈ (0, T ), δ > 0, c > 0, and any stopping time τ with values in [0, T − h), denote L t = X τ +t − X τ and let
(1)
Now we are ready to state our first main result of this note. 
Proof. As in [4] we construct a CPS for Y using a random walk with retirement associated with Y . We divide the proof into three steps:
and
and set
Note that {Z n } satisfies
Zn ≤ 1 + ǫ 0 for all n ≥ 0 and it is adapted to the filtration (G n ) n≥0 , where G n = F τn .
Second step: We will show that {Z n } is a random walk with retirement in the filtered probability space (Ω, G, (G n ) n≥0 , P ), where G = ∨ n≥0 G n . To show this, we need to check the three conditions on R n in Definition 1. Observe that i) is trivial and iii) follows from the continuity of the process.
Therefore, we only need to check that P (R n = j|F τ n−1 ) > 0 on {R n−1 = 0}, for j ∈ {−1, 0, 1}, (6) for all n ≥ 1. This is equivalent to showing that for any A ∈ F τ n−1 with A ⊂ {R n−1 = 0} = {τ n−1 < T }, and P (A) > 0,
Note that τ B n−1 is a stopping time and its values are in [0,
. By the assumption of the theorem, we have
for any j ∈ {−1, 0, 1}. Note that B ∈ F τ B n−1 with P (B) > 0, and therefore, the events
have positive probability, which, in turn, implies P ({R n = j} ∩ B) > 0 for any j ∈ {−1, 0, 1}. Since B ⊂ A, the result follows.
Third step: Since {Z n } is a random walk with retirement, thanks to Lemma 2.6 of [4] , there exists an equivalent probability measure Q ∼ P such that (Z n , G n ) n≥0 is a uniformly integrable
We write
Yt , and
Therefore, from (7), we have
Since ∪ ∞ n=1 {τ n−1 ≤ t ≤ τ n } = Ω, we conclude that (2) holds with respect to F for ǫ 0 > 0, then it also holds with respect to the smaller filtration G for ǫ 0 .
A Mechanism for Constructing Models with CPSs
In this section, we study the existence of CPSs for models of the form e f (Xt) , t ∈ [0, T ], where f is a deterministic continuous function and X is a process with the CFS property. For the convenience of our the proofs, we single out the following condition (A) on X. Its clear that all the processes with CFS satisfy this condition.
(A) (X t ) t∈[0,T ] is continuous, adapted, and for any real number h ∈ (0, T ) and any stopping time τ with values in [0, T − h),
for all δ > 0, c > 0.
The next result is the second main result in this note.
Theorem 2. Assume that X satisfies (A)
. Let δ 0 > 0 and f be a continuous deterministic function that satisfies either of the following: Proof. We will show the result for continuous functions f that satisfy condition (a). The proof for the functions that satisfy condition (b) follows similarly.
Let h ∈ (0, T ) and τ be an F-stopping time with values in [0, T − h). In order to prove (10), we need to show that P (A ∩ F j f (X) (τ, h, δ 0 , c 0 )) > 0 for any A ∈ F τ with P (A) > 0. Fix any A ∈ F τ with P (A) > 0. Let k > 0 be such that the event
for any c > 0, and by our assumption, we have that
This implies that
which in turn implies that
We conclude that P (B ∩ F + f (X) (τ, h, δ 0 , c 0 )) > 0 from which the result follows since B ⊂ A.
The proof is similar to part (ii).
The following corollary immediately follows from the above theorem.
Corollary 1. Let X be a continuous process that satisfies the condition (A) with respect to F. Assume that f is a continuous function that either satisfies the first two conditions of (a) in Theorem 2 and is non-decreasing or it satisfies the first two conditions of (b) in the same theorem and is non-increasing. Then, f (X t ) also satisfies (A)
, and therefore Y t = e f (Xt) admits ǫ-CPS for any ǫ > 0 with respect to F and with respect to the natural filtration of f (X).
Proof. Assume f is non-decreasing and satisfies the first two conditions of (a) in Theorem 2. Then it also satisfies the third condition of (a) for any δ 0 > 0. Therefore, by Theorem 2, (10) The next proposition generalizes Corollary 1. Its proof directly follows from Theorem 2. 
Proposition 1. Let X t satisfy (A). If f is a continuous function that satisfies the first two conditions in either (a) or (b) in Theorem 2, then for any
where B H t is a fractional Brownian motion with Hurst parameter H. The function f (x) = x 3 + x 2 satisfies the first two conditions in (a) of Theorem 2. Also, 
for any [0, T ] valued stopping time τ , and any A ∈ F τ with P (A) > 0, and any ǫ > 0 and f ∈c[0, T ].
Now, let B be a standard Brownian motion. For
x + 2, x < −1.
Let us prove that S (α) t does not have the CFS property in
On the set {τ = 1} the paths of the process f (B t ) are non-negative, on the other hand on {τ < 1}
we have that sup t∈[0,1] f (B t ) ≥ 1. Therefore, if we let g(t) = −t, then we have
Thus, S (α) t does not have the CFS property in
On the other hand,
For any δ 0 > 0 the process e αf (Bt) admits a (e 3δ 0 − 1)−CPS with respect to the natural filtrations of B and f (B), for all α ∈ (0, δ 0 ), thanks to Proposition 1 (and to the fact that B satisfies (A)).
Relevance to Markets without Transaction Costs
In [6] , it was shown that if the price process X satisfies
for any positive constants h, C and any stopping time τ , then there is no-arbitrage with respect to the class of simple trading strategies introduced by [1] , which are restricted to have a minimal amount of time (which can be arbitrarily small) between two transactions. Thanks to the fact that The following is the third main result of our note. Proof. We will only prove the result for the case when lim x→−∞ f (x) = −∞ and lim x→+∞ f (x) = +∞. The result for lim x→+∞ f (x) = −∞ and lim x→−∞ f (x) = +∞ can be similarly carried out.
Let X be a stochastic process that satisfies (13). We will show that f (X) also satisfies the condition(13). Let 0 < h < T and τ be a bounded stopping time. For any A ∈ F τ with P (A) > 0, we need to show that the following two inequalities are satisfied: Then the result follows from the facts that
and that B ⊂ A. 
5.
Comparison with the main result of [9] (a) The condition "0 ∈ ri convA τ,σ on τ < 1" (labeled as H 1 ) in Theorem 1 of [9] implies that for each A ∈ F τ with P (A) > 0, if P (A ∩ {Y σ − Y τ > 0}) > 0 then P (A ∩ {Y σ − Y τ < 0}) > 0 also. Comparing this with Lemma 5 of [6] , it follows that H 1 requires Y to satisfy the no arbitrage property within the class of simple strategies.
Therefore, Theorem 1 of [9] can not be applied in Example 3. Note that, the process in this example admits arbitrage under the buy and hold strategy 1 (0,τ ] , where τ is the stopping time defined in the same example. However, as demonstrated in the same example, our sufficient condition shows that this process admits CPS for certain ǫ.
(b) The conditions in Theorem 1 require that the process moves up and down sufficiently only after a fixed deterministic waiting time "h". [This can be thought of as the relaxation of condition H 2 in [9] .] This waiting time plays an important role in our condition. It relates the existence of CPS to the no arbitrage property within the class of simple trading strategies with deterministic waiting time between any two consecutive trading dates; see Sections 4 and 4.1.
(c) Theorem 1 provides a sufficient condition for the existence of CPS for each fixed ǫ. This can be very useful in cases that the price process do not admit CPS for all ǫ > 0 but may admit CPS for some ǫ.
